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“1 ABSTRACT 

The fundamental purpose of t h e  modal a n a l y s i s  computer pro- 
gram package (MAP) is  t o  f i n d  some o r  a l l  of t h e  frequencies  X ( i n  cps )  
and some o r  a l l  of t h e  (orthogonal) mode shapes y of any l i n e a r  d i s -  
crete system which i s  governed by a genera l ized  eigenvalue equat ion 
of t h e  form 

Ky = XMy 

where (1) M and K are r e a l  symmetric matrices, (2) M i s  p o s i t i v e  d e f i -  
n i t e ,  ( 3 )  M i s  no t  i l l -condi t ioned  with r e s p e c t  t o  invers ion ,  and 
( 4 )  M and k are poss ib ly ,  b u t  no t  n e c e s s a r i l y ,  l a r g e  mat r ices .  
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The given problem i s  reduced t o  a r e a l  symmetric a l g e b r a i c  
eigenproblen Px = Ax by t h e  method of ChoPesky (1.e. I by t h e  square 
r o o t  method). The real  symmetric mat r ix  P i s  reduced t o  a real  sym- 
metric t r i d i a g o n a l  mat r ix  by t h e  method of Householder. The eigen- 
va lues  of t h e  t r i d i a g o n a l  mat r ix  (which a r e  t h e  same a s  those of t h e  
o r i g i n a l  problem) are found by a S t u r m  sequence b i s e c t i o n  method. The 
user  can have t h e  eigenvectors  of t h e  t r i d i a g o n a l  matr ix  computed by 
e i t h e r  i nve r se  i t e r a t i o n  (or back s u b s t i t u t i o n )  or  a combination of 
i nve r se  i t e r a t i o n  and Gram-Schmidt or thogonal iza t ion .  The e igenvec tors  
of t h e  t r i d i a g o n a l m a t r i x  are then transformed back i n t o  those  of P 
or i n t o  those  of t h e  o r i g i n a l  problem. MAP i s  capable of f ind ing  a l l  
or only some of the  eigenvalues ,  and eigenvectors  €o r  a l l  o r  only s o m e  
of t h e  cmpu ted  eigenvalues.  A l l  accumulations are done i n  double- 
p r e c i s i o n  t o  improve t h e  numerical accuracy. 

Only f i v e  of t h e  twenty subrout ines  i n  t h e  MAP program package 
are d i r e c t e d  toward a modal a n a l y s i s ,  as such, The remaining f i f t e e n  
programs are genera l  purpose mathematical r o u t i n e s  which can be used 
t o  so lve  a v a r i e t y  of problems i n  numerical l i n e a r  a lgebra  t h a t  involve 
real  symmetric p o s i t i v e  d e f i n i t e  matrices and rea l  symmetric matrices. 
Each of t h e s e  gene ra l  purpose rou t ines  has  s u f f i c i e n t  in t roductory  c o m -  
mentary t o  make it r e a d i l y  use fu l ,  
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TECHNICAL MEMORANDUM 

INTRODUCTION 

.l The modal a n a l y s i s  computer program package (MAP) was 
developed a t  t h e  r eques t  of S .  N. Hou f o r  Department 2031 and 

_I arose from Apollo s t r u c t u r a l  s t u d i e s .  The fundamental purpose 
of MAP i s  t o  f i n d  s o m e  or a l l  of t h e  f requencies  X ( i n  cps)  and 
some or a l l  of the (orthogonal) mode shapes y of any l i n e a r  d i s -  
crete system which i s  governed by a genera l ized  eigenvalue equat ion 
of t h e  form 

Ky = XMy 

where (1) M and K are real  symmetric matrices, ( 2 )  M i s  p o s i t i v e  
d e f i n i t e ,  (31 M is  n o t  i l l -condi t ioned  wi th  r e spec t  t o  inve r s ion ,  
and (41 M and K are poss ib ly ,  b u t  no t  necessa r i ly ,  l a r g e  matrices, 
MAP a l so  provides  a use r  w i th  U1 some f l e x i b i l i t y  i n  what mathe- 
matical methods are used, (2 )  t h e  c a p a b i l i t y  of e a s i l y  implementing 
d i f f e r e n t  methods, and ( 3 )  a g r e a t  d e a l  of f l e x i b i l i t y  i n  what 
information can be saved as output  and how it can be saved. 

Method 

The genera l ized  a lgeb ra i c  zigenproblem is  reduced t o  a n  
o rdha ry  al&5ra&c eEgeriproISiem by the method of Cholesky 2, 3 
@,e., by t h e  square r o o t  method). This  technique Is used t o  com-  
pute  a l o w e r  t r i a n g u l a r  mat r ix  L such t h a t  

T M = L L  

[If M i s  p o s i t i v e  d e f i n i t e ,  such a matr ix  n o t  only e x i s t s  bu t  i s  
also real.) * The o r i g i n a l  equat ion can now be w r i t t e n  as 

T Ky = ALL y e  

Hence 

Px = Ax, 
T where P = L-ILKLmT and x = L y. 

3( 

The n o t a t i o n  L-T w i l l  be used i n  t h i s  memo r a t h e r  than  t h e  
-1 T cumbersome (L  1 
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Note that  PT = P,  Thus t h e  equat ion Px = Ax r e p r e s e n t s  
a real  symmetric a l g e b r a i c  elgenproblem, 
t h i s  problem i s  t o  reduce the (dense) real- symmetric mat r ix  P t o  a 
real  symmetric t r i d i a g o n a l  mat r ix  by t h e  method of Householder. 
The eigenvalues  of the  t r i d i a g o n a l  matr ix  (which are t h e  same as 
those of t h e  o r i g i n a l  problem) a r e  found by a Seurm sequence b i s e c t i o n  
methode7 The e igenvec tors  of t h e  t r i d i a g o n a l  mat r ix  can be computed 
either by inve r se  i t e r a t i o n  (or  back s u b s t i t u t i o n ) *  o r  a combination 
of i nve r se  i t e r a t i o n  and Gram-Schmidt or thogonal izat ion.  lo The 
e igenvec tors  of  t h e  t r i d i a g o n a l  mat r ix  are then  transformed i n t o  those  
of P ,  i .e ,  i n t o  x. Then, if t h e  use r  wants them, t h e  vec to r s  x are 
transformed i n t o  the  vec to r s  y f  and also t h e  u n i t s  of t h e  eigenvalues  
a r e  changed t o  cps,  These las t  two ope ra t ions  are done by computing 
y = LmTx and 1 6 / 2 1 r #  respect:-vely, 

The f i r s t  s t e p  i n  so lv ing  

5, 6 

*v * 

The c r u c i a l  ques t ions  i n  deciding which of t h e  t w o  methods 
€or  computing the  e igenvec tors  of t h e  t r i d i a g o n a l  mat r ix  t o  use are 
whether t h e  u s e r  wants orthogonal vec to r s  and whether t h e r e  i s  a 
mul t ip l e  e igenvalue,  Inverse  i t e r a t i o n  w i l l  produce orthogonal vec- 
t o r s  i f  a l l  t h e  eigenvalues  are d i s t i n c t ,  b u t  w i l l  no t ,  i n  genera l ,  
produce orthogonal v e c t o r s  for  a mul t ip l e  eigenvalue.  However, in- 
ve r se  i t e r a t i o n  combined with Gram-Schmidt or thogonal iza t ion  w i l l ,  
i n  gene ra l ,  y i e l d  orthogonal vec to r s  f o r  a repeated eigenvalue.  The 
l a t t e r  program r e q u i r e s  6n more l o c a t i o n s  f o r  a r r a y s ,  where n i s  t h e  
dimension of t h e  matrices M and K, and w i l l ,  as a r u l e ,  r equ i r e  more 
t i m e  t han  t h e  former, 

Nearly a l l  of t h e s e  methods are known f o r  t h e i r  accuracy, 
speed, and a b i l i t y  t o  t a k e  advantage of symmetry. 
be pointed o u t  t h a t  t h e  bound on t h e  abso lu te  computational e r r o r  i s  
t h e  s a m e  f o r  a l l  t h e  eigenvalues-  
largest magnitude i s  i n  error by A X  then  t h e  eigenvalues  of smallest 
magnitude may b e  i n  e r r o r  by t h e  same amount. Thus t h e  r e l a t i v e  com- 
p u t a t i o n a l  error w i l l ,  i n  gene ra l ,  be g r e a t e r  f o r  t h e  eigenvalues of 
smaller magnitude. More s p e c i f i c a l l y ,  i f  t h e  r a t i o  of t h e  eigenvalue 
of l a r g e s t  magnitude t o  t h a t  of t h e  smallest magnitude i s  q u i t e  l a r g e  
(say,  1 0  or more) then t h e  eigenvalue of smallest magnitude w i l l  no t ,  
i n  gene ra l ,  have a low r e l a t i v e  error. J. €3. Wilkinson i l l u s t r a t e s  

I t  should,  perhhps, 

That i s ,  i f  t he  eigenvalue of 

6 

how t h i s  happens f o r  a Sturm sequence method. 1 2  

I f  only a f e w  of t h e  n eigenvalues are computed then ,  of 
course l  t h e  obvious way of l ea rn ing  of a wide sepa ra t ion  i n  t h e  eigen- 
va lues  i s  no t  a v a i l a b l e ,  I n  such a case, t h e r e  a r e  t w o  i n d i c a t o r s  
of a l a r g e  sepa ra t ion ,  One is the trace T r ( P )  of t h e  mat r ix  P.* 

* 
By d e f i n i t i o n ,  the trace T r ( S )  of an a r b i t r a r y  matrix S i s  t h e  

sum of ' a l l  t h e  main d iagonal  elements of S, 



Since t h e  sum of a l l  n eigenvalues equals  T r ( P ) ,  it follows t h a t  
a t  least  one eigenvalue must be as l a r g e  as Tr(PI/n. 
(or ,  t o  b e  s t r i c t l y  accu ra t e ,  a Tr(P)/nJ  t h a t  i s  l a r g e  compared t o  
the  eigenvalue of smallest magnitude i n d i c a t e s  the  exfs tence  of a 
l a r g e  eigenvalue,  and hence a wi.de sepa ra t ion  i n  the eigenvalues.  
Another i n d i c a t o r  i s  the  fac t  t h a t  if P denotes a real  symmetric 
mat r ix  which has only p o s i t i v e  eigenvalues then  

Hencepa T r ( P )  

* 
where i ranges f r o m  1 t o  n.  MAP computes and p r i n t s  T r ( P )  , the  
l e f t  hand side of t h e  i n e q u a l i t y ,  the  r a t i o  of the l a r g e s t  I A i l  

computed t o  t h e  smallest nonzero l A i l  computed, and the  sum of a l l  
the  computed eigenvalues.  

Check Cases 

Since MAP w a s  intended f o r  large matrices, i l l u s t r a t i v e  
examples involv ing  l a r g e  matrices whose exac t  eigenvalues are known 
would b e  most appropr ia te .  However, there seems t o  be a lack  of 
l a r g e  t e s t  matrices f o r  t h e  genera l ized  eigenproblem. Consequently, 
t h e  f i r s t  t w o  of t he  four  check cases involve 20x20 and 25x25 mat r ices .  
These p a r t i c u l a r  problems w e r e  picked s i n c e  very p r e c i s e  answers fo r  
them have been published. 

The t h i r d  example i s  perhaps t h e  m o s t  i n t e r e s t i n g  one. It 
i s  t h a t  of a ver t ical  simple beam (an i d e a l i z e d  form of t h e  Saturn 
V m i s s i l e  and Apollo spacec ra f t  s t r u c t u r e ) .  This example may g ive  
a p o t e n t i a l  user  of MAP the m o s t  i n s i g h t  i n t o  how much p rec i s ion  MAP 
can be  expected t o  g i v e  i n  the answers t o  a p r a c t i c a l  problem. The 
reason fo r  t h i s  i s  t h a t  the error i n  t he  r e s u l t s  i s  a func t ion  of 
t h e  d i s c r e t i z a t i o n  e r r o r  (introduced when the  continuous beam w a s  
modeled as  a series of mass p o i n t s )  and computational e r r o r  i n  
genera t ing  the i n p u t  mat r ices  M and K as w e l l  a s  t h e  computational 
e r r o r  t h a t  is int roduced by MAP i t s e l f .  
reason t h i s  example w a s  chosen as i t s  a n a l y t i c  s o l u t i o n  i s  known, 
it i s  a source of a r b l t r a r f l y  l a r g e  matrices, i t s  FJ1 and K matrices 
have n i c e  numerical p r o p e r t i e s ,  and the o r i g i n  of t h i s  p rograming  
task w a s  a s t r u c t u r a l  problem. 

I n  a d d i t i o n  t o  the  precedins 
e 13 

I n  t h e  l a s t  example M = I ( the  i d e n t i t y  matr ix)  and K i s  
a matr ix  whose dimension can be made a r b i t r a r i l y  l a r g e  and whose exac t  

are known. 

* 
Communicated t o  the  author  i n  conversat ion by SD L o  Levie. 
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S e v e r a l  runs of each of t h e  l a s t  t w o  examples were made 
i n  which the s i z e  of the i n p u t  m a t r l c e s  was increased 2n order t o  
i l l u s t r a t e  the growth of computatlonal error. 
of t he  runs for  a l l  four examples are summarized I n  the fol lowing 
tables. 
available i n  t h e  Computer L i b r a r y .  

The  computed r e s u l t s  

T h e  computer output of the runs in Examples  3 and 4 are 

14 * 
Example 1. K and M are 20x20 band matrices of f u l l  band width 7 .  

. 

m = 41- i  , for  i = 1 1 2 ,  ..., 20 
ii = 51-i  kii 

= 1  ki j m = 1  i j  

Pulbl&shed E i g e n v a l u e s  

1 .2362  2996 622 
1 .2543  8078 474 
1 .2619  2368 457 
1 .2694  3952 847 
1 . 2 7 7 3  9754 724 
1 .2856  3483  441  
1 .2940  9698 1 0 2  
1 .3030  1 0 6 1  009 
1 . 3 1 2 5  0454 1 6 1  
1 .3226 0009 164  
1.3333 9423  8 0 1  
1 .3450 0343  860 
1 .3575  7195  730 
1 .3713  1 4 6 2  1 8 5  
1 .3860  8 4 1 3  225 
1 .4034  7245  976 
1 . 4 2 2 2  3523  837 
1 .4475  1739  434 
1 , 4 7 0 4  2713 1 6 3  
1 .4952 1 3 0 5  093 

I for  o < l i - j [ i  3 .  

E i g e n v a l u e s  Computed by MAP 

1.2362 300 
1 .2543  807 
1.2619 237 
1.2694 395 

1.2856 348 
1.2940 970 
1.3030 106  
1 .3125 046 
1.3226 000 
1.3333 943 
1 ,3450  035 
1.3575 720 
1.3713 1 4 7  
1.3866 8 4 1  
1 .4034 725 
1 ,4222  352 
1.44?5 1 7 4  
1 .4704 2 7 1  
1 .4952 130  

1.2773 975 

15 
Examples 2 ,  K and M are 25x25 band matrices of f u l l  

i s  the i d e n t i t y  matrix and K is t he  matrix defined band w i d t h  7 

* 
By d e f i n i t i o n ,  a matr ix  S is said t o  have f u l l  band width 2k4-1 

i f  k is t h e  smallest posi t ive integer w i t h  t he  property t h a t  
s = 0 for a211 i and j such t h a t  li-j i j  
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- 1 0 0 0  
x - I  0 0 
-I x -I 0 
0 -1 x -I 
0 0 - 1  x 

- 1 0 0 0  
4 - 1  0 0 

-1 4 -1 0 

0 -1 4 -1 
0 0 - 1  4 

Only t h e  eigenvalues between 0.19 and 0.35 w e r e  published. 

P u b l i s h e d  E i g e n v a l u e s  E i g e n v a l u e s  Computed by MAP 

,2000 0000 0000 
-2000 0000 0000 
.2113 2486 5405 
.2113 2486 5405 
.2500 0000 0000 
.2500 0000 0000 
.2500 0000 0000 
.2500 0000 0000 
-2500  0000 0000 
.3060 0230 9436 
.3060 0230 9436 
.3333 3333 3333 
.3333 3333 3333 

*1339 7460 
.1485 4314 
.1485 4316 
.1665 6668 
.1744 5764 
.1744 5765 

.2000 0000 
e2000 0002 
.2113 2487 
.2113 2489 
-2499  9998 
,2500  0000 
,2500 0000 
,2500 0000 
-2500  0002 
.3060 0230 
.3060 0230 
e3333 3334 
,3333 3334 

.4409 2697 
-4409  2697 
.5000 0000 
.7886 7508 
.7886 7508 
,1866 0254 
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* 
EXAMPLE 3 .  This  example i s  that of a v e r t i c a l  simple beam which 
is  of uniform d e n s i t y ,  i s  unattached a t  both  ends ( i -e .  free-free), 
l i e s  i n  a v e r t i c a l  p l ane ,  and whose motion i s  r e s t r i c t e d  t o  l a te ra l  
displacements and r o t a t i o n s ,  MAP t a c i t l y  assumes t h a t  t h e  beam i s  
discrete, i .e . ,  t h e  m a s s  of t h e  beam i s  assumed t o  be concentrated 
i n  a f i n i t e  number of  po in t s .  One way t o  th ink  of t h i s  i s  t o  d i v i d e  
t h e  beam i n t o ,  say  j equal  segments, and regard t h e  m a s s  of each 
segment as being d i s t r i b u t e d  dqual ly  a t  t h e  two endpoints  of t h e  seg- 
ment. Hence a beam t h a t  has been divided i n t o  j segments w i l l  be 
equiva len t  t o  j + l  mass po in t s .  It can be shown t h a t  s i n c e  t h e  beam 
can move i n  only t w o  d i r e c t i o n s ,  each of t h e s e  j + l  mass p o i n t s  in- 
creases t h e  dimensions of t h e  i n p u t  matrices M and K by t w o .  Thus 

mat r ices  of dimension 2 ( j + l ) .  

* -  

I .. by d iv id ing  t h e  beam i n t o  j segments, one w i l l  genera te  M and K 

The eigenvalues  and vectors of a d i s c r e t e  beam d i f f e r  from 
those of a continuous beam ( w i t h  t h e  sole except ion t h a t  i n  both cases 
t h e  smallest e igenvalue i s  a zero eigenvalue of mul t ipP ic i ty  two),  
As t h e  number of segments tends t o  i n f i n i t y ,  however, they do approach 
( i n  t h e  absence of computational e r r o r )  t h e  eigenvalues  and eigen- 
vec to r s  of t he  corresponding continuous beam. Unlike d i s c r e t i z a t i o n  
error, computational e r r o r  i nc reases  as ri g e t s  l a r g e r .  Hence, as n 
inc reases ,  one might expect  t o  see t h e  computed eigenvalues  approach 
those  of t h e  continuous beam f o r  a whi le ,  due t o  t h e  reduct ion  of 
d i s c r e t i z a t i o n  e r r o r ,  and then  t o  see them n o t  g e t t i n g  any closer and 
even begin l o s i n g  d i g i t s  of accuracy due t o  a s u b s t a n t i a l  growth of 
computational error, The following table (Table 1) summarizes t h e  
performance of MAP i n  t h e  computation of t h e  eigenvalues and vec to r s  
(or modes shapes)  of a f r ee - f r ee  beam. Table 2 g ives  some information 
p e r t i n e n t  t o  using MAP t o  s o l v e  a genera l ized  eigenproblem - t h e  core 
requirement and t o t a l  charges f o r  a given s i z e  of matrix may be of 
s p e c i a l  i n t e r e s t .  The t h i r d  eigenvalue,  i .e.p t h e  f i r s t  nonzero eigen- 
va lue  seems t o  p o i n t  ou t  m o s t  c l e a r l y  t h e  reduct ion  of d i s c r e t i z a t i o n  
e r r o r  followed by t h e  eventua l  dominance of t h e  computational error. 
The exac t  va lue  of t h e  ith eigenvalue ( t o  s i x  p laces)  f o r  t h e  con- 
t inuous beam i s  given a t  t h e  head of t h e  column conta in ing  va lues  of 
t h e  ith computed eigenvalue a 

* 
The m a s s  and s t i f f n e s s  matrices M and K ,  r e s p e c t i v e l y ,  of t h e  

t h e  simple beam w e r e  generated us ing  a program w r i t t e n  by S .  N. Hou. 
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TABLE 1 

The Values of t h e  Seven Smal l e s t  Computed Eigenvalues as  a 
Function of t h e  Dimension n of t h e  Input  Matrices PI and K 

Zero Eigenvalues Nonzero Eigenvalues 

. n .  0 0 1.54589 4.26131 8.35597 13.8094 20.6288 

10 
20 
30 
40 
50 
60 
70 
a0  

90 
100 
120 
140 
160 
180 
200 
220 
240 

e 0048 
,0110 
e 0274 
0398 
.0593 
-0922 
e 1432 
e 2062 
,2603 
,2508 
e 2253 
,3050 
3122 
,3643 
.3983 
.) 4868 
5768 

e 0098 
.0299 
e 0 481 
.0828 
.1264 
e 1861 
.2266 
e 2643 
* 3475 
.4699 
4746 
5728 
,6974 
- 8518 
.9670 

1.0724 
1.2724 

1.3028 
1.4842 
1.5166 
1.5281 
1.5341 
1.5397 
1.5456 
1.5S18 
1.5581 
1.5759 
1.5726 
1.6025 
1.6297 
1.6823 
1.7081 
1.7560 
1.8144 

3.3013 
3.9766 
4.1178 
4.1665 
4.1889 
4.2014 
4.2103 
4 e 2144 
4.2215 
4.2311 
4.2315 
4.2426 
4,2491 
4.2602 
4.2691 
4.2955 
4.3066 

5.9773 
7 a 5876 
7.9476 
8.0756 
8 a 1344 
8 * 1663 
8.1860 
8.1981 
8.2074 
8 e 2184 
8.2238 
8 e 2323 
8.2384 
8.2480 
8.2535 
8.2644 
8.2801 

44.221 
12.223 
12.924 
13.183 
13,304 
13.369 
13.408 
13.433 
13.451 
13.466 
13.481 
13.493 
13.501 
13 e 509 
13.514 
13.521 
13 a 530 

50 468 
17.803 
18.982 
19 429 
19.640 
19 e 755 
19.824 
19.868 
19 e 899 
19.922 
19.950 
19 e 967 
19.980 
19.990 
20.000 
20.007 
20 014 
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TABLE 2 

Information about the Computer Runs as a Function 
of the Dimension n of the Input Matrices M and K 

Main features of the runs: 

(1) M matrix diagonal 
( 2 )  n eigenvalues computed if n<50 and fifty eigenvalues computed 

o th erwi s e 
(3) three eigenvectors computed (and transformed into the vectors y )  
(4)  the only output was the printing of the eigenvalues and vectors 
(5) one compilation (except for n=lO and n-20 in which cases there 

‘ZI were three) 

Core Wall-Clock 
n Requirement CPU Time Time Core-Seconds I/g Count Charge 

10 

20 

30 

40 

50 

60 

70 

80 

31.7K 

31,9K 

32.3K 

32,8K 

33.4K 

34.18, 

34,3K 

35.8R 

0:13 

0:12 

0:08 

0:12 

0:lS 

0:20 

0:26 

0:34 

1:14 

1: 18 

0:50 

0:56 

0:54 

1:09 

l:04 

1:13 

361 

36 3 

222 

260 

291 

353 

417 

494 

1,125 

1,136 

a11 

764 

818 

890 

971 

1,067 

10 

LO 

6 

7 

8 

10 

11 

13 

90 36 8K 0:44 3:39 585 1,173 16 

’. 100 37.9K 02 5 7 7:45 692 1,290 19 

. 120 1:26 12:s 1,100 1,562 28 

43*3K 2:07 3:14 1,367 1,884 35 
c 

16 0 46e6K 3:OO 3: 59 1,786 2,257 45 

180 50,3R : 39 3817 2,676. 78 

200 9:22 ,201 3,15 103 

2 20 58,9K 9:5 12:59 6,488 15 

2 9:%3 1: 3 170 
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x 

16 
EXAMPLE 4. 

n-1 
n- 1 
n-2 

2 
1 

n-2 
n-2 
n-2 

2 
1 

The exac t  e igenvalues  are given by 

(2 i -11 I9 -1  
, f o r  i = 1r2r . . . ) .n .  X i  = 0.5(1-C0~ 

2n+l 

The r e l a t i v e  e r r o r s  i n  Table 3 w e r e  computed from t h e  
formula 

computed eigenvalue - exact eigenvalue 
exact eigenvalue 

Table 4 gives  some information p e r t i n e n t  t o  using MAP t o  so lve  an 
ordinary eigenproblem - t h e  core  requirement and to ta l  charges  f.or 
a given s i z e  of matrix may be of s p e c i a l  in te res t .  
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TABLE 3 

Maximum Relative E r r o r  as  a Function of The  Dimension n 

MEnEmm E r r o r  (,x 10 6 1 Maximum Error (X 1 0  6 n 

20 .008370 1 . 2 2 0  

40 01109 1 8 . 7 2  
60 ,05949 5 . 4 7 6  

100  a l a 4 2  

1 2 0  .02919 

1 4 0  e 04019 

1 6 0  .08919 

18 0 W.490 

200 e 1490 

220 . l o 4 2  

240 .5004 

8 . 4 7 2  

1 0 . 9 1  

1 4 . 0 7  

1 2 . 7 5  

16  e 68 

1 9 . 2 9  

1 6 . 2 6  

2 8 . 2 9  
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TABLE 4 

Information about  The Computer Runs as a Function 
of The Dimension n of The Input  Matrices M and K 

Main f e a t u r e s  of t h e  runs: 

4 -  (1) Cholesky decomposition skipped ( i .e- ,  an ordinary real  symmetric 

( 2 )  n e igenvalues  computed if n.450 and 50 e2genvalues computed otherwise 
( 3 )  t h r e e  eigenvectors  computed (and no t  transformed i n t o  vec to r s  y )  
( 4 )  t h e  only ou tpu t  w a s  t h e  p r i n t i n g  of t he  eigenvalues and vec to r s  
(5) one compilation (except f o r  n = 20 and 40 i n  which cases 

a l g e b r a i c  eigenproblem i s  being so lved) .  

t h e r e  w e r e  four) 

Core Wall-Clock 
n Requirements CPU T i m e  T i m e  C o r e  Seconds I O  Count Charge 

20  

40  

60 
80 

1 0 0  
1 2 0  

1 4 0  
160 
180  

200 
220 

240 

32 .6K 

33 65K 
4 4  . 8 K  
36 .SK 
38 . 6 K  

4 1 . 1 K  

43 . 9 K  
47 .- 2 K  

5e . 9 ~  
55 .OK 

59 .5K 
64 . 4 K  

0. : l 4  
0:17 
0 :15 
0 : 21 
0 :34 
0 :44 

1 : O l  
1 ;24 

1 :54 
2 :21 
3 :11 
4 :04 

1 2  :53 
7 :56 
1 :29 
4 :45 
4 :03 

2 :48 

2 :32 
8 :44 

9 :L5 
3 :18, 
4 :45 

5 :07 

361  

34 1 
260 
31 5 
393 
530 
614. 

1,033 
1,288 
1,645 
2 r317 
3,195 

1 , 0 0 7  
90 1 
720 

7 6 1  
835 
935 

1,043 
1,167 
1,309 
1 ,466  
1,639 
1,828 

1 0  
9 

7 
9 

11 
1 4  
16 
26 

32 
4 1  
56 
7 4  
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Usage 

While MAP has been u s e d - t o  so lve  problems as s m a l l  a s  
5x5, p o t e n t i a l  users  of MAP who have such s m a l l  problems may f i n d  
it inconvenient t o  have t o  s t o r e  t h e  mat r ix  M i n  t h e  manner requi red  
by MAP - t h e  lower t r i a n g u l a r  p a r t  must be s t o r e d  i n  a one-dimensional 
a r r a y  by columns, Such users  may wish t o  ca l l  t h e  subrout ines  RESTOR 
t h a t  a c t s  as an i n t e r f a c e  between programs which s t o r e  a whole mat r ix  

, -  i n  a two-dimensional a r r a y  and programs which store only t h e  lower 
t r i a n g u l a r  p a r t  of a matr ix  i n  a one-dimensional a r r a y  by columns. 
I n s t r u c t i o n s  f o r  using RESTOR a r e  given i n  t h e  in t roductory  commentary. 
of RESTOR which i s  l i s t e d  i n  t h e  f i r s t  appendix. 

The in t roductory  commentary t o  t h e  MAP subrout ine i t s e l f  
i s  a u s e r ' s  guide t o  t h e  MAP program package. (See t h e  f i rs t  appendix).  
MAP has been put  i n  t h e  Bellcomm Applicat ions Program Library (#0218). 
T h e  r e l o c a t a b l e  elements of t h e  e n t i r e  program package are on SYS*BLIB 
a s  MAP/BC, SGEIG/BC, S IREIG/BC , etc,  

The au thor  would apprec ia te  being informed of any bugs i n  
MAP, e r r o r s  of accuracy o r  omission i n  the  in t roductory  commentaries, 
and anything awkward about using MAP. 

Proaram DescriDtion 

The MAP program package w a s  w r i t t e n  with t h e  idea  i n  mind 
t h a t  it should be a b l e  t o  handle matrices on t h e  order  of 300x300. 
Thus growth of computational e r r o r  and s t o r a g e  were t h e  primary con- 
cerns. The sponsor,  s. N. H O U ~  d e a l t  w i t h  t h e  former problem by 
choosing mathematical methods which are numerically s t a b l e  and which 
use a minimum of a r i t hme t i c  opera t ions ,  The mathematical proofs  of 
t h e  numerical s t a b i l i t y  of these methods, however, assume t h a t  a l l  
accumulations are done exac t ly  o r  as near ly  so as poss ib le .  
All accumulations i n  MAP a r e  t h e r e f o r e  done i n  double p rec i s ion  t o  
approximate t h i s  condi t ion.  The la t te r  problem w a s  handled mainly 
by t ak ing  advantage of t h e  symmetry i n  t h e  matrices M, K and P and 
of t he  fac t  t h a t  L and L-' are lower t r i a n g u l a r  matrices - only t h e  
lower t r i a n g u l a r  p a r t  of a matr ix  is  kept  i n  core ,  (I  would l i k e  t o  
emphasize t h a t  t h e  programs assume these matrices are symmetric - no 
check f o r  symmetry i s  made), Hence t h e  s to rage  requirement f o r  a 
matr ix  i s  reduced f r o m  n2 t o  n ( n + l ) / 2 ,  i e e e ,  by a f a c t o r  of about t w o  
f o r  large n. Nevertheless ,  f o r  a 300x300 matr ix ,  t h i s  e n t a i l s  
a l l o c a t i n g  an a r r a y  dimensioned a t  l e a s t  45 ,150 .  Clear ly  i n  a 6 5 K  
core  environment there can be only one such array-, the sole 

exception of t h e  mat r ix  product P = L-lKL-T, t h e  mathematical methods 
l e n d  themselves t o  t h i s  approach. The computation of P ,  however, 
makes cons iderable  use  of e x t e r n a l  s to rage  a reas .  
l e m  i s  a l s o  handled by computing t h e  e igenvectors  and s t o r i n g  them 
on a mass s to rage  device one a t  a t i m e  S O  t h a t  only a one-dimensional 

17, 18 

The s t o r a g e  Prob- 
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a r r a y  dimensioned n i s  needed t o  deal with them. The s to rage  
problem can a l s o  be a l l e v i a t e d  some by overlaying t h e  MAP program 
package. Bearing t h i s  i n  mind, the program was segmented as much 
a s  poss ib l e .  A t  p r e sen t ,  there are twenty subrout ines  i n  t h e  
packaqe. Table 5 l i s ts  t h e m  and g ives  a very b r i e f  d e s c r i p t i o n  of 
each, and Figure 1 shows how they  a r e  r e l a t e d .  

1 -  In order  t h a t  each subrout ine i n  t h e  package can be e a s i l y  
understood and changed by someone o ther  than  t h e  au tho r ,  t h e r e  i s  a 
g r e a t  d e a l  of commentary i n  each of t he  twenty programs comprising 
t h e  MAP package. The commentary. i s  of t w o  kinds: in t roductory  and 
in te rcode .  T h e  former expla ins  (among o t h e r  t h ings )  t h e  purpose, 
method, and assumptions of t h e  program and de f ines  t h e  inpu t  and 
output  f o r  it. A f lowchart  can be cons t ruc ted  from t h e  l a t t e r .  

While t h e  idea t h a t  MAP should be a b l e  t o  handle mat r ices  
on the o rde r  of 300x300 w a s  the main cons idera t ion  t h a t  determined 
t h e  f i n a l  s t r u c t u r e  of t h e  MAP program package, it w a s  no t  the only 
one. A second f a c t o r  was t h e  r ecogn i t ion  t h a t  t h e  mathematical 
methods are of genera l  in te res t , ,  T h i s  l ed  t o  making each mathe- 
ma t i ca l  method a s e p a r a t e  subrout ine with commentary d i r e c t e d  toward 
t h e  genera l  user  (rather than  a s t r u c t u r a l  eng inee r ) ,  l e d  t o  w r i t i n g  
t h e  c o n t r o l  subrout ines  S G E I G  and S I R E I G ,  and inf luenced t h e  argument 
l ists  of L and LINVRS. 

The r e l a t i o n s h i p s  between a l l  t he  subrout ines  i n  t h e  MAP 
program package a r e  i l l u s t r a t e d  i n  Figure 1. The subrout ines  MAP, 
I N P U T ,  and OUTPUT are intended f o r  s t r u c t u r a l  engineers  (though they 
can be used by o t h e r s  provided t h e  terminology of s t r u c t u r a l  problems 
i s  n o t  too inconvenient ) .  SGEIG and a l l  t h e  subrout ines  below it are 
genera l  purpose mathematical programs t h a t  s o l v e  a v a r i e t y  of problems 
i n  l i n e a r  a lgebra  which involve r e a l  symrnetric matr ices .  

SGEIG and S I R E I G  d i f f e r  from t h e  o t h e r  genera l  purpose 
r o u t i n e s  i n  t h a t  they are c o n t r o l  programs f o r  t h e  solutio:: of a 
genera l ized  r e a l  symmetric p o s i t i v e  d e f i n i t e  a lgeb ra i c  eigenproblem 
and an  ord inary  r e a l  symmetric a l g e b r a i c  eigenproblem, r e s p e c t i v e l y .  
The main purposes o f ,  sayI  S I R E I G  a r e  t o  coord ina te  t h e  argument 
l i s ts  of t h e  r o u t i n e s  which so lve  t h e  ordinary eigenproblem f o r  t h e  
u s e r ,  and p o t e n t i a l l y  t o  enable t h e  use r  t o  have a t  h i s  d i sposa l  v i a  
one CALL s ta tement  a l l  t h e  u s e f u l  e igenvalue and eigenvector  programs 
a t  Bellcomm which so lve  a (possibly)  l a r g e  r e a l  symmetric eigenproblem. 
These two r o u t i n e s  are a l s o  w r i t t e n  i n  a way t h a t  s i m p l i f i e s  t h e  
implementation of new methodse I n  order  t o  incorpora te  a new eigen- 
va lue  o r  e igenvector  method i n t o  SIREIG, f o r  ins tance ,  a l l  t h a t  i s  
needed i s  t o  inc lude  t h e  appropr ia te  CALL s ta tement  (or s ta tements )  
i n  S I R E I G ,  add one component t o  a computed GO TO s ta tement  i n  SIREIG, 

- 
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TABLE 5 

Subroutines Comprising the MAP Program Package 

BARN 

EGNCTR 

FERRET 

HOUSE 

INPUT 

- 

INVXT 

L 

LINVRS 

MAP 

MXML 

MXMUL 

OUTPUT 

QRR 

RETRAN 

RGEPG 

RITE 

SGEIG 

S I R E I G  

STU 

TRAMS 

N cal ls  t o  BARN w i l l  genera te  n random numbers. 

Computes orthogonaf e igenvectors  by a combination 
of inve r se  i t e r a t i o n  and Gram-Schmidt o r thogonal iza t ion ,  

Punches cards and does some s t o r i n g  onto tape .  

Householder t r i d i a g o n a l i z a t i o n .  

Reads the i n p u t  matrices. 

Computes the eigenvectors  x by back s u b s t i t u t i o n  
and inverse i t e r a t i o n .  

Computes the  lower t r i a n g u l a r  mat r ix  L (and can 
compute the determinant of MI. 

Computes the  inve r se  of t he  matr ix  L. 

The main subrout ine  f o r  computing frequencies  
and modes. 

Control  subrout ine  for  the computation of P. 

Computes t he  product of two l a r g e  matrices. 

A c o n t r o l  subrout ine  f o r  a l l  t he  output t ing .  

Computes only eigenvalues  by a QR method. 

Retransforms t h e  vec to r s  x of P i n t o  t h e  vec to r s  
y ,  i .e. m u l t i p l i e s  a vec to r  on t h e  l e f t  by an  
upper t r i a n g u l a r  matrix.  

Reduces the  genera l ized  algebraic eigenproblem t o  
an ord inary  one by t h e  method of Cholesky. 

Does most of the a c t u a l  p r i n  ing  and s t o r i n g  onto 
t ape  

Solves t h e  l i n e a r  real symmetric general ized a l g e b r a i c  
eigenprobbem. 

Solves the  real  symmetric a l g e b r a i c  eigenproblem. 

Computes eigenvalues by a S urm sequence b i s e c t i o n  
method, 

rms vectors of the  t r i d i a g o n a l  
TR i n t o  those of P. 



- 15 - 

FIGURE 1 

Structure of The MAP Program Package 

I 
SGEIG 9 

RGEIG r”l 
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and le t  one argument i n  t h e  S I R E I G  argument l i s t  t a k e  on a new va lue .  
A t  p r e sen t  SIREIG has  t w o  eigenvalue methods and two eigenvector  
methods. A l s o  a t  p re sen t  SGEIG has only way of so lv ing  t h e  gener- 
a l i z e d  problem - reduct ion  t o  an ord inary  eigenproblem by t h e  method 
of Cholesky. It  f r equen t ly  happens i n  s t r u c t u r a l  problems t h a t  t h e  
inpu t  matrices M and K are s t rong ly  banded. It  would be d e s i r a b l e  
t o  be a b l e  t o  t a k e  advantage of t h a t  proper ty  i n  order  t o  reduce t h e  

.- number of arithmetic opera t ions  and t o  reduce t h e  core requirement 
of MAP. A method which t akes  t h i s  approach could be  implemented and 
e a s i l y  incorpora ted  i n t o  MAP ( o r ,  t o  be s t r i c t l y  accu ra t e ,  i n t o  

1 9  
M S G E I G )  . 

The subrout ine  L can be used t o  compute t h e  determinant of 
a real  symmetric p o s i t i v e  d e f i n i t e  mat r ix  and t o  determine whether a 
given real  symmetric mat r ix  is p o s i t i v e  d e f i n i t e .  The programs L and 
LINVRS can a l s o  be the b a s i s  f o r  a program which i n v e r t s  r e a l  symme- 
t r i c  p o s i t i v e  d e f i n i t e  matrices or  so lves  a system of l i n e a r  a l g e b r a i c  
equat ions which has a real  symmetric p o s i t i v e  d e f i n i t e  mat r ix  of coef- 
f i c i e n t s . *  The use o f  t h e  subrout ines  L and LINVRS (1.e. of Cholesky 
decomposition) can be recommended over Gauss-Jordan e l imina t ion  and 
Gaussian e l imina t ion  w i t h  p a r t i a l  p ivo t ing  programs a s  t h e  bound f o r  
t he  computational error f o r  Cholesky decomposition i s  as l o w  a s  can 
be reasonably expected of any method,20 they  take  advantage of symme- 
t r y ,  and they r e q u i r e  no r o w  interchanges,  L can a l so  t a k e  advantage 
of any band form i n  t h e  mat r ix  M. 

It w a s  t h e  i n t e n t i o n  of t h e  author  i n  w r i t i n g  MAP t h a t  t h i s  
program should be as  u s e f u l  i n  so lv ing  a 5x5 problem as it i s  i n  
so lv ing  a 300x300 problem. I n  o rde r  t o  realize t h i s  goa l ,  t h e  core 
requirement of MAP had t o  depend on t h e  s i z e  of t h e  inpu t  matrices. 
All a r r a y s  whose dimensions are func t ions  of t h e  dimensions of t h e  
inpu t  matrices M and K a r e  t h e r e f o r e  passed through t h e  argument l i s t  
of MAP, so t h a t  they  are dimensioned by t h e  u s e r  r a t h e r  t han  by MAP. 

9 Thus f a r  nothing has been s a i d  about  what t h e  maximum dimen- 
s i o n  of t h e  M and K matrices which t h e  MAP program package can handle  
i s ,  b u t  r a t h e r  only i n d i c a t e d  t h a t  it should be about 300. Actua l ly ,  
there is  nothing i n  the  MAP program package, as such, which restricts 
t h e  dimension of t h e  i n p u t  matrices. Not only does pass ing  a l l  a r r a y s  
through t h e  argument l i s t  of MAP make t h e  package p r a c t i c d f o r  s m a l l  
problems, bu t  it also means t h a t ,  i n  t h i s  sense ,  MAP can work wi th  
a r b i t r a r i l y  l a r g e  matrices, There are,  however, t h r e e  f a c t o r s  which 
serve  t o  l i m i t  t h e  dimension of t h e  i n p u t  matrices, They are (1) 
computational error inc reases  w i t h  t h e  dimension, ( 2 )  t h e  requirement 
t h a t  t h e  whole lower t r i a n g u l a r  p a r t  of one mat r ix  (along wi th  . 
everything else) must f i t  i n  core, and (3) t h e  poss ib l e  ex i s t ence  of 
a maximum running t i m e ,  charge,  or whatever a t  a computer i n s t a l l a t i o n .  
The answer t o  t h e  f i r s t  depends on how much p rec i s ion  is wanted and 

* 
Double p r e c i s i o n  ve r s ions  DL and DLINVR of L and LINVRS, respec- 

t i v e l y ,  have been made by M r s .  S. B. Watson and have been p u t  i n  t h e  

ellcomm Appl ica t ions  Program Library ( 
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on whether t h e  u s e r  has (and wishes t o  use)  a r o u t i n e  f o r  r e f i n i n g  
t h e  va lues  of t h e  eigenvalues ,  The answer t o  t h e  second, of cour se l  
depends on how much core 2s aval l -able ,  With a 65K core and an  over- 
l a y  f o r  MAP, the  maximum dhnenslon 2 s  s l i g h t l y  i n  excess  of 300: 
without  a n  ove r l ayp  the maxlmum dimens3on i s  between 240  and 260.  
T h e  c u r r e n t  ve r s ion  of the  sof tware a t  Be l l comm imposes a maximum 
charge pe r  run of 2047 .  T h i s  r e s t r l c t i o n  does no t  l i m i t  t h e  s i z e  
of t h e  matrices which MAP can handle. 

Conc l u s  ions  
. *  

One of the maan concerns about a m o d a l  a n a l y s i s  program 
f o r  l a r g e  matrices was *e possEBil2ty of computational e r r o r  
becoming so l a r g e  t ha t  tlie computed v a l u e s  of t h e  eigenvalues  and 
v e c t o r s  would be rendered meaningless. The r e s u l t s  of t h e  simple 
beam runs of Example 3 confirmed t h a t  computational error i s  sub- 
s t a n t i a l  when using l a r g e  matrices. I n  t h e  l a r g e s t  case r u n c  tha t  
i s ,  t h e  240x240 case, t h e r e  w e r e  one and s o m e t i m e s  t w o  d i g i t s  of 
accuracy i n  t h e  nonzero eigenvalues .  The two zero eigenvalues ,  
however, had computed va lues  of 0.5768 and 1 . 2 7 2 4 .  I n  t h i s  par- 
t i c u l a r  casep t h e  computed answers s t i l l  had p r a c t l c a l  value.  It 
should be poin ted  o u t  t h a t  t h e  inpu t  matrices M and K f o r  t h e  
simple beam runs  are probably very  good approximations. I f  a u s e r  
of MAP made a run us ing  inpu t  matrices which w e r e  not  as accu ra t e  
as the corresponding ones i n  t h e  slmple b e a m  runs ,  t h e r e  i s  reason 
f o r  him t o  expect  t h e  p r e c i s i o n  i n  h i s  answers t o  be any b e t t e r ,  
and perhaps not  even as good, as those  i n  t h e  corresponding simple 
beam run ,  Whenever computed answers r e s u l t  from many opera t ions  
involving l a r g e  matrices, t h e r e f o r e ,  it would s e e m  w i s e  t o  pay more 
than pass ing  a t t e n t i o n  t o  the ques t ion  of how much, if any, pre- 
c i s i o n  remains i n  t h e  answers. 

1 0  15-D LM-sms D .  L. Mather 
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(1) bvHf5F.I THEkE ARE SEVERAL M A G x I K E S  (%-DIFFERENCE BETWEEN 
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GIfIENSIOFJAL ARRAY o THE USER M A Y  CONVENIENT TO C A L L  
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OP(5 )  DETERMIrJES I-_ WHAT PART OF EACH O F  THE I___-_ MATRICES DEFINED 
BY OP(f) AND OP(3)  WILL BE PRXMTED. (THIS IS THEREFORE 
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